A conjectural relationship between the GUE partition function with even couplings and certain special cubic Hodge integrals over the moduli spaces of stable algebraic curves is under consideration.
GUE partition function with even couplings
The GUE free energy F(x, s; ǫ) can be represented [21, 22, 1, 23] in the form F(x, s; ǫ) = x 2 2ǫ 2 log x − where the last summation is taken over all connected oriented ribbon graphs Γ of genus g with k vertices of valencies 2i 1 , . . . , 2i k , # Sym Γ is the order of the symmetry group of Γ, and |i| := i 1 + · · · + i k .
Our goal is to compare the expansions (1.1.3) and (1.2.5).
1 The notation here is slightly different from that of [7, 8] where the coefficient of M 2j was denoted by s2j . 2 It is often called 1/N -expansion as ǫ ∼ 1/N .
From cubic Hodge integrals to random matrices. Main Conjecture.
It was already observed by E. Witten [27] that the GUE partition function with an even polynomial V (M ) is tau-function of a particular solution to the Volterra (also called the discrete KdV) hierarchy. Recall that the first equation of the hierarchy (the Volterra lattice equation) readṡ w n = w n (w n+1 − w n−1 ) where w n = Z n+1 Z n−1 Z 2 n , the time derivative is with respect to the variable t = N s 1 . Other couplings s k are identified with the time variables of higher flows of the hierarchy. On another side, the study [12] of integrable systems associated with the Hodge integrals 3 suggested the following conjectural statement: the Hodge partition function Z E = e H of the form (1.1.3) as function of independent parameters t i is also a taufunction of the Volterra hierarchy. This observation provides a motivation for the main conjecture of the present paper.
It will be convenient to change normalisation of the GUE couplings. Put
The following formula holds true
where
1.4 Computational aspects of the Main Conjecture: how do we verify it?
We will check validity of the Main Conjecture for small genera. Begin with g = 0. Let us start with H 0 (t). Instead of the explicit expansion (1.1.5) we use the following well known representation
where v = v(t) = t 0 + . . . is the unique series solution to the equation
Here we recall that
is a particular solution to the Riemann-Hopf hierarchy
For the genus zero GUE free energy F 0 = F 0 (x, s) one has a similar representation. Like above, introduce
and put w(x, s) = e u(x,s) .
(1.4.5)
The function w = w(x, s) is the unique series solution to the equation
The genus zero GUE free energy F 0 with even couplings has the following expression
Clearly w also satisfies the Riemann-Hopf hierarchy in a different normalization
The solution can be written explicitly in the form essentially equivalent to (1.4.3)
where we puts 0 = x and denote
.
It is now straightforward to verify that the substitution (1.3.2) yields
and
See in Sect. 2 for the details of this computation.
In order to proceed to higher genera we will use the method that goes back to the paper [5] by R. Dijkgraaf and E. Witten. The idea of this method is to express the positive genus free energy terms via the genus zero. Let us first explain this method for the Hodge free energy.
(1.4.10)
Here v(t) is given by eq. (independent of v).
Explicitly,
etc. The algorithm for computing the functions H g can be found in [12] . They were used in the construction of the associated integrable hierarchy via the quasi-triviality transformation approach [10] .
Let us now proceed to the higher genus terms for the random matrix free energy (recall that only even couplings are allowed).
Recall that the function w(x, s) is determined from eq. (1.4.6).
Explicitly
with const= iπ 24 + ζ ′ (−1),
etc. For any g ≥ 2 the function F g is a polynomial in the variables v 2 , . . . , v 3g−2 with coefficients in
Using the fact that ∂ t 0 = ∂ x (see Section 3.2 below) along with the standard expansion
we recast the Main Conjecture for g ≥ 1 into a sequence of the following relationships between the functions F g and H g
and, for g ≥ 2
where the operator D 0 is defined by
For example, . . , v 3g−2 ) responsible for the genus g random matrix free energies. This will be done in the next subsection.
An explicit expression for F g
We first recall some notations. Y will denote the set of all partitions. For any partition λ ∈ Y denote by ℓ(λ) the length of λ, by λ 1 , λ 2 , . . . , λ ℓ(λ) the non-zero components, |λ| = λ 1 + · · · + λ ℓ(λ) the weight, and by m i (λ) the multiplicity of i in λ. Put m(λ)! := i≥1 m i (λ)!. The set of all partitions of weight k will be denoted by Y k . For an arbitrary sequence of variables
Conjecture 1.5.1 For any g ≥ 2, the genus g GUE free energy F g has the following expression
where for a partition µ = (µ 1 , . . . , µ ℓ ), µ + 1 denotes the partition (µ 1 + 1, . . . , µ ℓ + 1), Q ρµ is the so-called Q-matrix defined by
In this formula we have used the notation
Details about Q-matrix can be found in [9] . Conj. 1.5.1 indicates that the the special cubic Hodge integrals (1.1.2) naturally appear in the expressions for the higher genus terms of GUE free energy.
Organization of the paper In Sect. 2 we review the approach of [10, 7] to the GUE free energy, and prove Prop. 1.4.1 and Thm. 1.4.3. In Sect. 3 we verify Conj. 1.3.1 and Conj. 1.5.1 up to the genus 2 approximation, and give explicit formulae of F g for g = 3, 4, 5.
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2 GUE free energy with even valencies 2.1 Calculating the GUE free energy from Frobenius manifold of
It is known that the GUE partition function Z N (with even and odd couplings) is the tau-function of a particular solution to the Toda lattice hierarchy. Using this fact, one of the authors in [7] developed an efficient algorithm of calculating of GUE free energy, which is an application of the general approach of [10, 6] for the particular example of the two-dimensional Frobenius manifold with potential
(Warning: only in this section, the notation v is different from that of the Introduction.) In this section, we give a brief reminder of this approach referring the readers to [10, 11, 7] for details.
Introduce two analytic functions θ 1 (u, v; z), θ 2 (u, v; z) as follows
Here c m = m k=1 1 k denotes the m-th harmonic number. Note that, as in the Introduction, we will only consider the GUE partition function with even couplings. The corresponding Euler-Lagrange equation [7, 6, 10 ] reads
where w = e u (as in the Introduction). Note that we are only interested in the unique series solution
And eq. (2.1.3) becomes
Define a family of analytic functions Ω α,p;β,q (u, v) by the following generating formula
The genus zero GUE free energy F 0 (x, s) then has the following expression
The higher genus terms in the 1/N expansion of the GUE free energy can be determined recursively from the loop equation [10, 7] for a sequence of functions
This equation has the following form
∂f ∂b , and f r stands for ∂ r x (f ). Solution ∆F of (2.1.8) exists and is unique up to an additive constant. F g is a polynomial in u 2 , v 2 , . . . , u 3g−2 , v 3g−2 . For g ≥ 2, F g is a rational function of u 1 , v 1 . Then [10] the genus g term in the expansion (1.2.4), in the particular case of even couplings only, reads
This procedure will be used in the next subsection. 
and using (2.1.6) we have
It follows that if p + q is odd then Ω 2,p;2,q vanishes; otherwise, we have
2 , p, q are both even; (2.2.1)
Substituting these expressions in (2.1.7) we obtain
Equation ( 
is a direct result of [10, 11] 
3 Verification of the Main Conjecture for low genera
Genus 0
Recall that the genus zero cubic Hodge free energy can be expressed as
itj Ω i;j (v(t)).
, Ω i;j are polynomials in v given by
and v(t) is the unique series solution to the following Euler-Lagrange equation of the one-dimensional Frobenius manifold
(Warning: the above v is the flat coordinate of the one-dimensional Frobenius manifold; avoid confusing with v in Section 2 where (u, v) are flat coordinates of the two-dimensional Frobenius manifold of P 1 topological σ-model.)
Let us consider the following substitution of time variables
Note that with this substitution the cubic Hodge free energies will be considered to be expanded at x = 1. We havet i = k≥1 k i+1s k − 1 + x · δ i,0 , and so
We simplify it term by term:
Let w = e v . We have
On the other hand, recall from Prop. 1.4.1 that the genus zero GUE free energy with even couplings has the form
Here w is the power series solution to
Recall that w = e u ; so
ks k e ku .
Namely,
It follows that u(x, s) = v(t(x, s)). (3.1.2)
We conclude that
This finishes the proof of the genus zero part of the Main Conjecture.
Genus 1, 2
Note that the substitution (1.3.2)
In particular, we have
The last equality is due to (3.1.2).
Recall, from the algorithm of [12] , that the genus 1 special cubic Hodge free energy is given by
This proves the genus 1 part of the Main Conjecture.
The genus 2 term of the special cubic Hodge free energy is given by
This proves the genus 2 part of the Main Conjecture.
Genus 3, 4
Using the Main Conjecture along with the algorithm of [12] , we obtain the following two statements. 
We also computed the genus 5 free energy; see in Appendix A.
For the particular examples of enumerating squares, hexagons, octagons on a genus g surface, one can use (3.3.1), (3.3.2), (A.0.3) to obtain the combinatorial numbers. We checked that these numbers agree with those in [8] . This gives some evidences of validity of the Main Conjecture for g = 3, 4, 5.
Remark 3.3.3 The genus 1, 2, 3 terms of the GUE free energy with even couplings were also derived in [13, 14, 26] for the particular case of only one nonzero coupling (i.e., in the framework of enumeration of 2m-gons). To the best of our knowledge, explicit formulae for higher genus (g ≥ 4) terms, even in the case of the particular examples, were not available in the literature.
A Explicit formula for F 5 
